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We give a simple proof, based on the Brunn-Minkowski Theorem, of
Theorem. In any finite poset P not a total order, there are elements z, y such that

1/2e < p(z <y) <1-1/2e.

A similar result was independently found by A. Karzanov and L. G. Khachiyan.

Introduction

For a finite partial order P and z, y € P, denote by p(z < y) the fraction of
linear extensions of P in which = precedes y. (By a standard notational abuse we
identify P with its element set. Linear extensions are defined below. For further
background see e.g. [4].)

In this note we give a simple proof, based on the Brunn-Minkowski Theorem, of

Theorem 1. In any finite poset P, not a total order, there are elements x, y such
that
1/2e <p(xr <y)<1-1/2.

For a thorough discussion of this problem see [4], [6]. Let us mention that [4] gives
a somewhat stronger bound, namely

3/11 < p(z < y) < 8/11,

but with a far more difficult proof. At this time no other proof is known of any
bound of the form

b<plz<y)<l-6
with 6 a (positive) constant.

The conjectured best bound, 1/3 < p(z < y) < 2/3 (M. Fredman circa 1975,
[6]), remains open.
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After this paper was submitted we learned that A. Karzanov and L. G. Khachiyan
(5] had somewhat earlier given a similar proof of the slightly weaker bound 1/e* <

plz <y) <1-1/e%

Review

A linear extension of P is an order preserving bijection
m: P> {1,...,n},

where n = |P|. We write E(P) for the set of such extensions, and e(P) for its
cardinality. For ¢ € P the average height of ris

h(z) = ( 3 Z n(z).

n€E(P)

It is easy to see that if P is not a total order then there are z, y € P with
{h(z) — h(y)| < 1. So it’s enough to show

Theorem 2. If |h(z) — h(y)| < 1 then
1/2e<p(z<y)<1-1/2.

Again, this is as in [4). (As pointed out to us by T. Trotter, the bound of 3/11 in
[4] is best possible for Theorem 2 in the senge that one can have (incomparable) z,
y with h(z) — h(y) = 1 and p(z < y) = 3/11.)

Recall (our terminology follows [8]) that the order polytope O(P) is the set of all

f € RP gatisfying
0< f(z)<1 VzeP,
fz)<fly) if z<y in P

Many of the combinational properties of P find natural expression in terms of O(P).
With a linear extension m we associate the simplex

Ca={feRT:0< @ V) S S f(r7 () S 1} C O(P).
We need the following easy facts (see e.g. [6]).
Lemma 3. (a) The simplices } ., triangulate O(P).

(b) Vol (O(P)) = |E(P)|/n!

(¢) The centroid of O(P) is #Ih'

Our proof is based on the Brunn-Minkowski Theorem (e.g. {1]), and is inspired
by the proof of the following result which was discovered more or less simultaneously
by Grunbaum (3] and Hammer (unpublished), and rediscovered by Mityagin [7]. (We
originally heard of Mityagin’s paper from N. Megiddo, and subsequently of the earlier

papers from L. Khachiyan. We understand from Professor Khachiyan that the result
was probably known even before {3].)
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Theorem. Let K be a full-dimensional convex body in R™, H = {z : v-z2 =0} a
hyperplane through the centroid of K,

and HY ={z:v-z>0}.
Then

n
Vol(K N HY) > (—l‘—-) Vol K,
n+1
1
and in particular Vol (KNH") > Zvcl K.

Corollary. If z, y € P satisfy h(z) = h(y)
, 1
Then —2<p(z<y)<l—g.

This, surprisingly, is the same bound given by the (far more dificult) arguments
of [4] in case h(z) = h{y).

Proof of Theorem 2

Let z, y € P satisfy |h(z) — h(y)| < 1. It suffices to show p(z > y) > 1/2e.
For X C RP et
Xy={feX:fz)-fly)=A},
Xt={feX:f@)- w20} =] X,
A>0
and let cx be the centroid of X. In particular, setting K = O(P) we have
(1) Ky #0if A e [-1,1),
(2) ex(2) —cx(y) > —z4 N
(by Lemma 3(c)), and by Lemma 3(b) we are required to show
(3) Vol(K*)/Vol(K) > 1/2e.
By the Brunn-Minkowski Theorem the function
VOln—l(KA)] T
Tn—1

r(\) = [

is concave on [—1, 1], where r,,_ is the volume of the (n — 1)-dimensional unit ball.
Let B be the symmetrization of K with respect to the line £ = R(e; — ey ), where

ex(2)=1 if z=12

= otherwise.
In other words,

B= |J B
-1<A<1
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where B), is the (n — 1)-dimensional ball of radius 7(\) centered at A(ez — ey) and
contained in the hyperplane

{f: f(z) - f(y) = A}
Clearly Vol (B) = Vol (K), Vol (B*) = Vol (K1), so we just need (3) for B. Notice
that B shares with K the properties
(4) By #0iff X € [-1,1],

(5) cp(z) — ep(y) = ck(e) — ek (¥) > FHr-

At this point the situation is essentially 2-dimensional, and a picture will be
helpful. Choose new coordinates (z1,...,%5) so that £ is the zj-axis and B is
obtained by rotating the curve x9 = r(z1) about £ (see Fig. 1).

R

0,7(0)) =@

(@0) 0 (1,0) (4,0)=P

!
=
SH

i

%]

Fig. 1.

We will replace B by a double cone. Choose u > 0 so that, working in the
(z1,z2)-plane and setting P = (u,0), @ = (0,7(0)), O = (0,0), the volume of the
solid obtained by revolving the triangle PQO about £ is equal to Vol (B*). Since
r(z1) is concave, we have u > 1. Set S = (—1,0) and choose R on the line P_Q' with Q
between P and R so that the volume of the double cone D obtained by revolving the
triangle PRS about £ is equal to Vol (B). Let 2 = s(x1) be the function represented

by the curve I—’ﬁ URS.
Since for all ¢ we have

t .
/ ("1 (o1) - "L ey))day 20,
21

(look at the picture!) and .
u W

/ " Y(zy) - 8" 1(z1))dmy - da

~1
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the x{-coordinate of the centroid of D is at least as great as that of the centroid of
B. It is thus enough to check

Proposition. Let D be an n-dimensional double cone with apexes (—1,0,...,0) and
(u,0,---,0), and centroid (a,0,...,0). Ifu > 1 and a > ——ﬁ then Vol (D1) >
£ Vol (D).

Proof. Let the two cones comprising D be Cy and Cq, with apexes at (—1,0,...,0)

and (u,0,...,0) respectively, and heights h1 and hs (so hy + ho = u + 1).
Then

(6)

Vol (D) _ Vol (D) Vol (Cq) _ (_zi)” ha
Vol(D) = Vol(C3) Vol (D) ~ \hy) u+1

This will be minimised when hq is as large as possible, so since h9 evidently increases
as a decreases, we may assume @ = n:J-'lI

The zi-coordinates of the centroids of Cy and Cy are —1 + % and u — =
respectively. As

3
e ta

Vol (Cy) h

Vol (Cy) ~ hy’
the centroid of D has xi-coordinate

1 nhy nhg _~1
hy + ha [hl( 1+n+1)+h2(u n+])]—n+1'

Solving for hg (using hy + hg = u + 1) yields
nu
hg = ;
n—-1

which when substituted in (6) gives

Vol(D*)  (n-1\""1 u _ 1
Vol (D) ‘( n ) > %

u+1" 2e
(since u > 1). ]
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